SMOOTH APPROXIMATION OF LIPSCHITZ 
PROJECTIONS 



HANFENG LI 

Abstract. We show that any Lipschitz projection- valued func- 
tion p on a connected closed Riemannian manifold can be approx- 
imated uniformly by smooth projection- valued functions q with 
Lipschitz constant close to that of p. This answers a question of 
Rieffel. 



1. Introduction 

The question of approximating continuous functions on Riemannian 
manifolds by smooth functions preserving geometric properties has a 
long history. In [TJ [2j [3] Greene and Wu studied such questions for 
real- valued functions and geometric properties such as having Lipschitz 
constant bounded above by a fixed number, and used such results to 
obtain geometric applications [2J. 

In [3 Question 3.5] Rieffel asked the question whether, for any Lip- 
schitz function p on a compact Riemannian manifold M with values 
in the projection set of a matrix algebra M„(C) and any e > 0, there 
is a smooth function q on M also with values in the projection set of 
M n (C) with \\p — qWao < e and L(q) < L(p) + e. Here ||/||oo denotes 
the supremum norm of / and 

(1) m= sup m^mi 

x,y£M,x^y P\ x iD) 

denotes the Lipschitz constant of /, for p denoting the geodesic distance 
on M. An affirmative answer to this question has direct application on 
obtaining lower bounds of the Lipschitz constants for projection- valued 
functions on M representing a fixed vector bundle on M. 

In this note we answer Rieffel 's question affirmatively In fact, we 
shall deal more generally with functions with values in the projection 
set of any C*-algebra. Following [5], by a real C* -subring we mean 
a norm-closed *-subring of a C*-algebra which is closed under multi- 
plication by scalars in R. For example, M n (R) is a real C7*-subring 
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contained in M n (C). For a compact manifold M and a real C*-subring 
A, denote by C(M,A) the real C*-subring of all continuous A- valued 
functions on M, and denote by C°°(M, A) the subalgebra of all smooth 
A- valued functions on M. 

Theorem 1.1. Let M be a connected closed Riemannian manifold. 
Let A be a real C* -subring. For any projection p G C(M,A) and any 
e > 0, there exists a projection q G C°°(M, A) with \\p — qW^ < e and 



As a sample, from Theorem 1 1.1 1 one sees that the lower bound of the 
Lipschitz constants given in [5j Proposition 12.1] for smooth projections 
representing the complex line bundle on the two-torus T 2 actually 
holds for all projections representing 

The proof of Theorem 11.11 has two ingredients. The first one is that 
part of Greene and Wu's results hold generally for functions valued in 
any Banach space. We recall these results in Section [2J The second 
one is a fine estimate of the Lipschitz seminorm of the projection in 
a C*-algebra obtained in the usual way from an "almost-projection". 
We give this estimate and prove Theorem 11.11 in Section [3j 

2. Smooth Approximation of Continuous Functions 

In pQ Greene and Wu introduced the Riemannian convolution smooth- 
ing process for approximating continuous real-valued functions on a 
Riemannian manifold by smoothing functions preserving geometric prop- 
erties. They used this technique to obtain certain geometric application 
[2]. In fact, much of Greene and Wu's results work for functions valued 
in a Banach space. Let us recall their construction on [fl Page 646-647]. 

Fix a positive integer n. Let n : R — > R be a non-negative smooth 
function which has support contained in the interval [—1,1], is con- 
stant in a neighborhood of 0, and satisfies J veMn k{\\v\\) = 1, where 
R n is equipped with the standard Lebesgue measure. Let V be a real 
Banach space. Let M be a Riemannian manifold of dimension n with- 
out boundary, and let K be a compact subset of M. Then there is an 
Ek > such that, for every x G K and evert v in the tangent space 
TMa, of M at x with ||u|| < ek, the exponential exp x v is defined. For 
any continuous function / : M — > V and any < e < Ek define a 
V^-valued function f e on a neighborhood of K by 



fc Jv&TM x fc 

where TM X is equipped with the standard Lebesgue measure via a 
linear isometry between TM^ and the Euclidean space R n . 



L(q)<L(f)+E. 
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In [U Page 647] and [2j Lemma 8] Greene and Wu proved the fol- 
lowing theorem for the case V — R. Their proof works for any Banach 
space V. 

Theorem 2.1 (Greene- Wu). Let f : M — > V be continuous. Let K be 
a compact subset ofM. When e > is small enough (depending only on 
M and K), f £ is a smooth function on an open neighborhood of K. The 
function f £ converges to f uniformly on K as e — > 0. If f is smooth 
on a neighborhood of K, then f £ converges to f in the smooth topology 
on K as e — > 0. IfMis connected and f has Lipschitz constant D on 
a neighborhood W of K, i.e., 

sup ll/W -/(»)!! =A 

x,y£W,x^y P\ x iU) 

where p denotes the geodesic distance on M ; then for any 5 > 0, when 
e is small enough one has ||9o(/ E )|| < D + 5 for all x G K and unit 
vector v G TMj.. 

One direct consequence of the above approximation theorem is 

Corollary 2.2. Let M is a connected closed Riemannian manifold. 
For any continuous map f : M — >• V and any 5 > 0, when e > is 
small enough, f £ is a smooth function on M with ||/ — / e ||oo < & an d 
L(f e ) < L(f) + 5, where L(f £ ) and L(f) are defined by (Tjp. 

Using Theorem 12.11 for the case V = R, Greene and Wu actually 
showed [31 Proposition 2.1] that for any connected (possibly noncom- 
pact) Riemannian manifold M without boundary, any Lipschitz func- 
tion / : M — > R, any continuous function g : M — >• M>o, and any 5 > 0, 
there is some smooth function h : M — > R such that \f — h\ < g onM 
and L(h) < L(f) + 5. It would be interesting to see whether this result 
extends to every Banach space V. 

3. Estimate of Lipschitz Constants for Projections 

The key in our approach is the following estimate of the Lipschitz 
seminorm of the projection obtained from an "almost-projection" in 
the usual way. 

Proposition 3.1. Let A be a unital C* -algebra, and let a G A be 

self-adjoint whose spectrum has empty intersection with the interval 
(5, 1 — 5) in R for some < 5 < 1/2. Let L be a (possibly +oo-valued) 
seminorm on A. Suppose that L is lower semi- continuous, vanishes on 
1a, and L(6 _1 ) < ||6 _1 || 2 L(6) for every invertible b G A. Let f denote 
the characteristic function of the interval [1 — 5, +oo) on R. Then 

L(f(a))<L(a)/(l-25), 
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where f(a) denotes the continuous-functional calculus of a under f. 

Proof. Take R > such that the spectrum of a is contained in the 
union of the intervals (—00, 5] and [1 — 5, 1 + R] in M. 

Denote by g the characteristic function of {z G C : Rez > (5 + 
1/2) /2} on C. Note that g is holomorphic on {z G C : Rez 7^ (<5 + 
l/2)/2}. For each s > R, denote by 7^ the rectangle with vertices 
1/2 + si, 1/2 — si, (1 + s) — si, and (1 + s) + si, parameterized as a 
piecewise smooth simple closed curve in the anti-clockwise direction. 
Then 

L(f(a)) = L(g(a)) = L(^- g(z)(z - a)- 1 dz) 

L ^){z-a)- l )d\z\ 

= ^ J L{{z - a)- 1 ) d\z\ 

< — f \\(z-a)- 1 \\ 2 L(z-a)d\z\ 
2vr J 1s 

= ^l \\{z - a)-T d\z\, 

where the first inequality follows from the lower semi- continuity of L. 
For z in the line segment from 1/2 — si ((1 + s) + si resp. ) to ( 1 + s) — si 
(1/2 + si resp.), one has \\(z — «.) 1 1 1 2 < s~ 2 since a is self-adjoint. For 
z = \/2 + ti with t G R, one has Wiz-a^f < {(1/2-5) 2 + t 2 )-\ For 
z = (l + s)+ti with t G M, one has ||(z - a) _1 || 2 < ((s - i?) 2 + t 2 )~ 1 . 
Therefore 

L(/(a)) < ^ I \\{z - a^f d\z\ 

< I M(2s- 2 (ll2 + s)+ [ +OC Vri/2 -5) 2 + t 2 )- 1 dt 



/+00 
((1/2-5)2 + ^-1 
-00 

/+00 
((s- J R) 2 + t 2 )- 1 rft) 
-00 

^ fs_2(1 + 2s) + yh~5 /L°° (1 + * 2)_1 rft 



2tt 

hoo 



2tt 

+ - 

s 

ir (s < 1 + 2s ) + i72^ + ^ 



1 /-+oo 

— / (1+t 2 )- 1 ^) 
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Letting s — > oo, we obtain L(f(a)) < L(a)/ (1 — 25) as desired. 



□ 



Using Proposition 13.11 one can improve the estimates in results 3.3- 
3.4, 4.2-4.5, 4.7, and 6.2-6.7 of [5]. In particular, using |4, Proposition 
8.6] and this improvement of [3 Proposition 3.3], one sees that for a 
strongly continuous action a of a connected Lie group G on a unital 
C*-algebra A and an Ad-invariant inner product on the Lie algebra q of 
G, the lower bound of L(p) given in [51 Theorem 10.1] for smooth pro- 
jections p in M n (A) representing a finitely generated projective right 
A-module 5, in terms of the Chern classes of H, holds for every projec- 
tion in M n (A) representing 5. Here L denotes the seminorm on M n (A) 
defined by 



where we extend a naturally to an action of G on M n (A), p denotes 
the geodesic distance on G coming from the bi-invariant Riemannian 
metric induced from the above Ad-invariant inner product on g in the 
usual way, and denotes the identity element of G. 

In general the estimate in Proposition 13. II is the best possible, as the 
following example shows. 

Example 3.2. Let X = {sci,^} be a 2-point metric space with the 
metric p(x\,X2) = 1. Define L on C(X) via ([1]). By [51 Proposition 
2.2] the seminorm L satisfies the conditions in Proposition 13.11 For 
< 5 < 1/2 define a G C(X) by a(x x ) = 5 and a(x 2 ) = 1-5. Then 
(f(a))(xx) = and (/(a))(x 2 ) = 1, where / is as in Proposition 13.11 
Thus L(a) = 1-25 and L{f{a)) = 1 = L(a)/(1 - 25). 

We are ready to prove Theorem 11.11 

Proof of Theorem[TJl Let < 5 < 1/2. By Corollary [2^2] applied to 
V equal to the self-adjoint part of A and / equal to p, we can find 
some self-adjoint p\ e C°°(M,A) with \\p — Pi\\oo < 5 and L(p\) < 
L(p) + e/2. Since p is a projection, by [51 Lemma 3.2] the spectrum of 
Pi is contained in the union of the intervals [—5, 5] and [1 — 5, 1 + 5] in 
R. Let / denote the characteristic function of the interval [1 — 5, +oo) 
on BL Set q = f(pi). 

Say, A is a real C*-subring contained in a C*-algebra B. Since 
C°°(M, B) is closed under the holomorphic functional calculus, we have 
q G C°°(M, B). Using polynomial approximations it is easy to see that 
the self-adjoint part of C(M,A) is closed under continuous functional 
calculus for real- valued continuous functions on R vanishing at (see for 
example the proof of [5l Proposition 2.4]). Therefore q G C°°(M, B) D 



sup 

geG\{e G } 




C(M,A) = C°°(M,A). 
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One has 

\\q -p\\oo < \\q-Pi\\ao+ \\Pi - p\\oo < 5 + 5 = 25. 

It is readily checked that the Lipschitz seminorm L on the C*-algebra 
C(M,B) defined by (CQ) satisfies the conditions in Proposition 13.11 (see 
for example the proof of [5J Proposition 2.2]). By Proposition 13.11 one 
has 

L(g) < L( Pl )/(l - 25) < {L{p) + e/2)/(l - 25). 
Thus, when 5 > is small enough, we have \\q — p||oo < e and L(q) < 
L(p) + e as desired. □ 

References 

[1] R. E. Greene and H. Wu. On the subharmonicity and plurisubharmonicity of 

geodesically convex functions. Indiana Univ. Math. J. 22 (1972/73), 641-653. 
[2] R. E. Greene and H. Wu. Integrals of subharmonic functions on manifolds of 

nonnegative curvature. Invent. Math. 27 (1974), 265-298. 
[3] R. E. Greene and H. Wu. C°° approximations of convex, subharmonic, and 

plurisubharmonic functions. Ann. Sci. Ecole Norm. Sup. (4) 12 (1979), no. 1, 

47-84. 

[4] M. A. Rieffel. Gromov-Hausdorff distance for quantum metric spaces. Mem. 



Amer. Math. Soc. 168 (2004), no. 796, 1-65. arXiv:math.QA/0011063 
[5] M. A. Rieffel. Vector bundles and Gromov-Hausdorff distance. 
|arXiv:math/0608266. 



Department of Mathematics, SUNY at Buffalo, Buffalo, NY 14260- 
2900, U.S.A. 

E-mail address: hfli@math.buffalo.edu 



